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M.Se. DEGREE (C.S.8.) EXAMINATION, APRIL 2019
Fourth Semester

Faculty of Science
Branch I (A) : Mathematics
MTO 4C 16—SPECTRAL THEORY

[Programme—Core—Common for all]

(2012 Admission onwards)
Time : Three Hours Maximum Weight : 30
Part A

Answer any five guestions.
Each question has weight 1.

1. Define weak convergence in a normed space. Lel (x, ) and (y,) be two sequence in a normed
space X such that x, —“ 5 xand v, —— y. Then prove that x, +y, —% 5 x4y

2. Let X =CJ[0,1] and define T: 2 (T)— X by Tx = x', where the prime denotes differentiation and

2 (T) is the subspace of functions x € X which have a continuous derivative. Prove that T is not
bounded but is closed.

3. Prove that similar matrices have the same eigenvalues.
4. Let 8,Te B(X X), show that for any Lep(S)~p(T) R, (8)-R; (T)=R; (8) (T-S)R,; (T).

5. Define compact linear operator. Let X be a normed space with dim X = o. Prove that the identity

operator 1: X — X iz not compact.

f E E
6. Consider thespace j2 Let T2 5 12 defined hy Tikn izs---) =L‘:1, ZE ! —§—s-----a ;l—n: 0, ﬂ,....)_

that T is compact.
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Iet T:H —H be a bounded self-adjoint linear operator on a complex Hilbert space. Then prove

=1

that all cigenvectors corresponding to different eigenvalues of T are orthogonal.

8. Tet P:H—=H be a bounded linear apcraior on a Hilberl space H. Sup-lpuse P is selftadjoint
indempotent. Prove thal P is a projection.
BxT1=258)
Part B

Answer any five guestions.
Each question has weight 2.

9. Let (x, ) be a sequence in a normed space X. Prove that :

{i} Strong convergence implies weak convergence with the same limit.
(ii} Ifdim X <o, then weak convergence implies strong convergence.
10. State and prove closed graph theorem.

11. Define closed linear operator. Prove that the graph % (T) of a linear operator T:X - Y isa
subspace of X x Y.

12. Prove that the resolvent set p (T} of a bounded linear operator T on a complex Banach space is

Open.

13. Let A be a complex Banach algebra with identity e. Let xe A and | x [« 1. Prove that e—x is
= = :
invertible and (¢ —%) = 'Zl x.
}:

14. Let A be a complex Banach algebra with identitye. Then for any x € A prove that o (x) is compact.

15. Prove that a compact linear operator T:X — Y {rom a normed space X into a Baneh space has a

compact linear extension T: X — Y, where X is the completion of X.

16. let H be a complex Hilbert space and T:H — H be a bounded self-adjoint linear operator. Then

2 |l=1

prove that m = | inf g {(Tx,x} and M= sup {Tx, x} are speetral values of T.
lxl=

(6 x2=10)
2/3

s |




| EsEEEEEl

B/E

(§1=6x%§)
4% - td'q pruempaload e st iglg - ig+ g (W)
TRy
30 juswadurod feuoSotjyio st § arsym ‘X ojuo { syafoad g ‘wonpofoad e st Ig-4g=g 1 (19
‘ZT=141) 'a="Ta 250um Fx = Tx ji £juo pus ji y uo uondeloudestly - 43=4 (1

: 181 oacad uayy, “H #deds j1aqiH € wo suonoaload omy aq & pue Ty 39T "EG

_ ‘aanjisod 51 1. 1onpoad J1ay) yey) saoxd o)
ajnod pue aanTsod ore J aords Jaaq(LH] B U0 [, pue g srojerado Jeout] jutolpe-jias popunog om1J1  C[F

“AL, =« ) ayy sey

pue x ul juaBrosund Affuogs st (Mxy,) yeqy oaoxd oy} xm'x Les ‘JuaBiasucd Aeam sTY UT
( *r) 9eyy esoddng “rojesado seaul] peduiod @ & < X! J PUR 580rdS pauLiou aq § pue Y 197 (2)

“A0IBdado J8aTT]

\I

Joedmwod B 81 J, 18] 2408 ] [cui ==§_§ : % -Ing = {zriBn i) 1 Aq paugap 7 < -1:L 197 (9)
|

“jaeduroa 51 , 1ey) aaoad usyy ], 03 Juaiieauns oqesado Ljuaojiun st (¥ 77 "X 2ouds
yorueq e 0JUI Y 29uds paullou B wodf sioeiedo desul] Joeduwod jo aousnbas e aq (IiL} @1 (B) 0%
A pum ¥
jo saoeds [enp aie X pue ¥ pue 2ords pawlou aie X pue Y 250um ‘aojmado awaul] joeduod

me1 Y4 &L aojerado juwipe s31 3e7] aa0aJ “d0jeiedo aesul] pedwiod B ag & < YL PT 6L

I ;II\-QZ{—‘!J T
I wl | [ W ={) "4 T

aa0xd uat], I, jo snipel [eapads aq (1) 2« PT (X X) g > J pue soeds yoeueg xo[dwos B aq Y 19T 91

‘watoayl Surddew uado saoad pue 138 LT

g JyFiam soy uonsanb yaoyg
‘guosanh aaaq) AuD Jamsuy

O Med

0FIT006T

e eoed |



